Investigating the direct integral decomposition of von Neumann algebras of bounded module operators on self-dual Hilbert W*-modules an equivalence principle is obtained which connects the theory of direct disintegration of von Neumann algebras on separable Hilbert spaces and the theory of von Neumann representations on self-dual Hilbert A-modules with countably generated Apre-dual Hilbert A-module over commutative separable W*-algebras A. Examples show posibilities and bounds to find more general relations between these two theories, (cf. R. Schaflitzel's results). As an application we prove a Weyl-Berg-Murphy type theorem: For each given commutative W*-algebra A with a special approximation property (*) every normal bounded A-linear operator on a self-dual Hilbert A-module with countably generated A-pre-dual Hilbert A-module is decomposable into the sum of a diagonalizable normal and of a "compact" bounded A-linear operator on that module.
and other authors [2, 14, 20, 21, 39] we define a pre-Hilbert A-module over a certain C*-algebra A as an A-module H equipped with a mapping ., . : H x H −→ A satisfying:
(i) λ(ax) = (λa)x = a(λx) for every λ ∈ C, a ∈ A, x ∈ H.
(ii) x, x ≥ 0 for every x ∈ H.
(iii) x, x = 0 if and only if x = 0.
(iv) x, y = y, x * for every x, y ∈ H.
(v) ax + by, z = a x, z + b y, z for every a, b ∈ A, every x, y, z ∈ H.
The mapping ., . is the so called A-valued inner product on H. A pre-Hilbert A-module is called to be Hilbert if it is complete with respect to the norm x = x, x 1/2 A . Two Hilbert A-modules {H 1 , ., . 1 }, {H 2 , ., . 2 } over a certain C*-algebra A are isomorphic if there exists a bijective, A-linear, bounded mapping T : H 1 −→ H 2 such that ., . 1 ≡ T (.), T (.) 2 on H 1 xH 1 . A Hilbert A-module H is finitely generated if it is finitely generated as an A-module. It is countably generated if there exists a countable set of generators inside H such that the set of all finite A-linear combinations of generators is norm-dense in H. A Hilbert A-module {H, ., . } over a C*-algebra A is faithful if the norm-closed A-linear hull of the range of the inner product, H, H , is identical with A.
A central notion in the theory of Hilbert C*-modules is the notion of self-duality since self-dual Hilbert C*-modules form a proper subcategory of the category of Banach C*-modules with advantageous properties, cf. [4, 5] . Denote by H ′ the set of all bounded module maps f : H −→ A. Following W. L. Paschke [22] a Hilbert C*-module {H, ., . } is called to be self-dual if every map r ∈ H ′ is of the form ., a r for a certain element a r ∈ H. Let us remark, that a Hilbert AW*-module over a commutative AW*-algebra is self-dual if and only if it is Kaplansky-Hilbert.
In the following we direct our attention to Hilbert W*-modules over commutative W*-algebras. In that case the A-valued inner product on {H, ., . } lifts to an Avalued inner product ., . D on the Banach A-module H ′ turning {H ′ , ., . D } into a self-dual Hilbert A-module. The equalities
., x , ., y D = x, y for every x, y ∈ H,
., x r(.) D = r(x) for every x ∈ H, every r ∈ H 
(ii) There exist an index set I and a collection of (not necessarily distinct) projections {p α : α ∈ I} of A indexed by I such that H is isomorphic to the set of all I-tuples
equipped with the A-valued inner product
where F is the net of all finite subsets of I being partially ordered by inclusion. 
It is a C*-subalgebra and a two-sided ideal of End A (H).
Our standard reference sources for direct disintegration theory are the monographs [17, 24, 32] and the papers [3, 27, 28] . For recent developements in this area see [15, 16, 37, 40] , [25, 26] .
The following definition we would like to take as a basis ([32, Def. 8.9], [17, p.
206-207])
: Let X be a locally compact Hausdorff measure space with Borel measure µ. A set {H x : x ∈ X} of Hilbert spaces indexed by X is called to be a µ-measurable field of Hilbert spaces if there exists a subspace E of the product space {H x : x ∈ X} with the properties:
(ii) If for a certain y ∈ {H x : x ∈ X} the function y(x), z(x) belongs to L ∞ (X, µ) for every z ∈ E then y ∈ E.
(iii) There exists a countable subset {z i : i ∈ N} of elements of E such that for every
x ∈ X the set {z i (x) : i ∈ N} is a basis of the Hilbert space H x .
Elements {h x : x ∈ X} of E are called to be µ-measurable. We will specify the set E in further considerations since the structure of E is sometimes important for our purposes. Let us remark that (iii) implies the separability of the Hilbert spaces H x , x ∈ X, of the µ-measurable field {H x : x ∈ X}. Moreover, the map
Denote by L ∞ (X, µ, {H x : x ∈ X}) the set of all rest classes of essentially bounded, µ-measurable mappings of X into the µ-measurable field of Hilbert spaces
, where the elements of one rest class differ only on subsets of µ-measure zero. Analogously, define L 1 (X, µ, {H x : x ∈ X}) as the set of all rest classes of mappings f :
, where the elements of one rest class differ only on subsets of X of µ-measure zero. Defining suitable operations, norms and other structural elements on
The third structure needed in the following is the classical direct integral of the µ-measurable field of
Recall, that an operator T on X H x dµ(x) is called to be µ-measurable if the operator T (x) acts on H x as a bounded linear operator for almost every x ∈ X and T (E) ⊆ E. Now, following [32, Def. 7.7, Cor. 7.8, Def. 7.9] denote by X End C (H x ) dµ(x) the set of decomposable operators on X H x dµ(x) , i.e. the set of all rest classes of essentially bounded, µ-measurable fields of operators {B x : B x ∈ End C (H x ); x ∈ X}, where the elements of one rest class differ only on subsets of X of µ-measure zero. Note, that the commutant with respect to
at least if the Hilbert spaces H x are µ-almost everywhere separable. This property is lost in certain cases when the Hilbert spaces H x are taken to be non-separable, (cf. [25, 26] ). With suitable chosen operations it is a normed * -algebra. Moreover, in the classical situation when µ-almost all Hilbert spaces H x are separable it is a W*-algebra of type I.
Now we are prepared for further considerations.
Let A = L ∞ (X, µ) be a commutative W*-algebra, X be a suitable chosen locally compact, Hausdorff measure space with Borel measure µ. The purpose of the considerations below is , first, to show that each self-dual Hilbert A-module H possessing a countably generated A-pre-dual Hilbert A-module is isomorphic to a certain Hilbert
field of separable Hilbert spaces {H x : x ∈ X} on (X, µ), and secondly, to derive the direct integral decomposition of the operator algebra End A (H). Moreover, we will look for possibilities and bounds of generalization of these equivalence relations we get. Formulating the theorems below we enclose two results of I. E. Segal [27, 28] for completeness.
Theorem 2.1 (existence of isomorphisms)
Let A be a commutative W*-algebra and H be a self-dual Hilbert A-module being the A-dual Banach A-module of a countably generated Hilbert A-module. Then there exists a locally compact, Hausdorff measure space X with a Borel measure µ and a µ-measurable field of Hilbert spaces {H x : x ∈ X} such that: 
are equivalent in the sense of absolute continuity on X 1 \N 1 , and the equality
(ii) If there are, additional, two different µ 1,2 -measurable fields of Hilbert spaces 
are equivalent in the sense of absolute continuity on X 1 \Y 1 , and that
Proofs of the theorems:
The assertion (i) of the first theorem was proved by I.E.Segal ( [27, 28] 
for each x ∈ X K ⊆ K. They form a µ K -measurable field of separable Hilbert spaces on X K , where E is the subset of all square-integrable elements of Hilbert space H x , (x ∈ X K ), like End C (H x ) and, globally, preserves E and the
in the sense of the coincidence of these operators on E. Vice versa, every essentially bounded, µ K -measurable map from
induces a bounded, A-linear operator on E and, hence, on H. So one has shown the (isometric) * -isomorphy of these W*-algebras, i.e. assertion (iii) of the first theorem.
Item (ii) of the second theorem can be derived from the isometric Hilbert A-
x : x ∈ X 2 }), from the commutativity of A and from (i) of both the theorems, whereas the facts 
for the standard countably generated Hilbert A-module and its A-dual Banach A-
The W*-algebra l ∞ is faithfully representable as the von Neumann algebra of all bounded, diagonal operators on the separable
where ν denotes a discrete measure on the set of natural numbers N.
where λ denotes the Lebesgue measure on the unit interval. [25, 26] e.g..) However, the special mapping Beside this, from a result of R. Schaflitzel [25] , [26, Lemma 6] there follows that under the assumption of the continuum-hypothesis it may happen that the algebra of decomposable operators is not the commutant of the algebra of diagonalizable operators on direct integrals of certain µ-measurable fields of Hilbert spaces (ii) The set of von Neumann algebras {M x : x ∈ X} is a µ-measurable field and Let A be a commutative W*-algebra and H be a self-dual Hilbert A-module with countably generated A-pre-dual Hilbert A-module. Let us call an operator T ∈ End A (H) to be diagonalizable if and only if there exist a sequence of pairwise orthogonal projections {P i : i ∈ N} of K A (H) and a sequence of elements {a i : i ∈ N} of A such that T = i∈N a i P i in the sense of w*-convergence. Furthermore, we say that the commutative W*-algebra A has property (*) if and only if the set of all normal states f on A with range projection p f , for which the norm completion of the pre-Hilbert space {Ap f , f ( ., . A )} is separable, separates the elements of A. Finally, we call a locally compact Hausdorff measure space X to be locally second countable if for every x ∈ X there exists a clopen subset Y ⊆ X containing x and being second countable with respect to the measure µ. We get the following result using assertions of R. V. Kadison [11, 12] and of K. Grove, G. K. Pedersen [6] in the proof: Proof: Choose a representation of the commutative W*-algebra A as L ∞ (X, µ)
2.1,(i),(ii) then there exists a µ-measurable field of von Neumann algebras
for a certain locally compact Hausdorff measure space X with Borel measure µ. By the assumptions X is locally second countable. Since X is the union of a family of second countable clopen subsets Y α with pairwise empty intersection one can suppose without loss of generality that X is second countable and, consequently, µ is σ-finite.
By the first theorem of the previous section there exists a µ-measurable field of Hilbert spaces {H x : x ∈ X} such that H is isometricly isomorphic to
The latter can be interpreted as a C*-subalgebra of the set of all bounded linear 
under that point of view, and one gets a
that the diagonalizability of D ∈ X End C (H x ) dµ(x) on H means that there exist a countably number of complex eigen-values {λ n : n ∈ N} and a countably number of projections {P n } ∈ X End C (H x ) dµ(x) ≡ End A (H) such that D = n λ n P n on H and on H simultaneously, i.e. D is diagonalizable on H, too. The nature of the eigen-vectors does not matter. Moreover, if T is self-adjoint then for every ε > 0 one can choose D and K in such a way that they are self-adjoint and K < ε.
Remark, that if for certain projections p ∈ A the Hilbert pA-module pH is finitely generated (or, equivalently, pEnd A (H)= pK A (H)) then pK = 0 and pT is diagonalizable by the results of R. V. Kadison and K. Grove, G. K. Pedersen cited above.
• The corollary can be derived from the theorem using item (iii) of Theorem 2.1 and Murphy's theorem.
Remark 3.4 Unfortunately, we are not able to say anything about the possibly validity of the theorem without assuming A to have property (*).
Beside this, a generalization to the case of A being a commutative AW*-algebra with a similar property like property (*) in the W*-case seems to be possible using e. g. a transfer principle developed by G. [11, 12] who proved that each normal element of the W*-algebra M n (A) = End A (A n )
with A being a W*-algebra is diagonalizable for every natural number n encourages to check the non-commutative case. But all that remains for further research.
After this paper has circulated as a preprint the author had fruitful discussions Hilbert space H satisfying a generalized definition for direct integrals (cf. §1) and containing the constant mappings x ∈ X → h = const. ∈ H x . That is , H equals to the direct integral norm closure of the set of such elements h ∈ x∈X H x satisfying two properties:
(i) The mapping x ∈ X → h(x) 2 is integrable.
(ii) There is a subset N ⊆ X of µ-measure zero such that the set {h(x) : x ∈ X} generates a separable subspace of H x .
Of course, since H is the smallest direct integral in a certain sense H is unique up to isomorphy.
Consequently, one could not expect to get much more information about generalized direct integrals in the non-separable case using only the described equivalence.
